Drag Coefficients at Low Reynolds Numbers

For Flow Past Immersed Bodies

A. M. JONES and J. G. KNUDSEN

Drag coefficients were determined at Jow Reynolds numbers for cylinders (0.1 = Re = 1.0)
and flat plates (0.05 = Re = 2.0) moving through a viscous medium, The drag coefficient was
calculated from the force required to move the immersed body through the fluid, and preliminary
work on spheres was used to calibrate the apparatus. For all bodies studied the drag coefficient
was inversely proportional to the Reynolds number. The dato were analyzed by a least-squares
method to obtain the relotionship between drag coefficient and Reynolds number. )

The diameter of the tank containing the viscous fluid hod o very definite effect upon the
drag coefficient of the various cylinders and flat plates studied. In the range of Dz/D (tank
diometer/cylinder diameter) studied the relationships recommended by White involving the wall
effect and the end correction agree with experimental data for values of L/D (cylinder length/cyl-
inder diameter) greater than 16. At L/D ratios less than this drag coefficients are lower than
those predicted by White’s equations, and the experimental curves are recommended for these
ratios.

For flot plates in perpendicular flow no effect of the W/L (plate width/plate length) was
detected in the range studied. The tank diameter however had a considerable effect, and a curve
is proposed to predict drag coefficients for flat plates in perpendicular flow in the range of experi-

mental conditions studied.

Laminar flow at very low Reynolds
numbers over immersed bodies is im-
portant in many engineering problems.
In aerodynamics it is important in high
altitude flight of aircratt. Other prob-
lems include lubrication and flow of
heavy oils over banks of tubes. Many
polymers are highly viscous materials,
and in mixing these the power require-
ment is a function of the force required
to move the agitator through the vis-
cous medium.

At present there are several the-
oretical solutions for predicting drag
coefficients for flow over spheres, cyl-
inders, and flat plates in the range of
Reynolds numbers from 0.01 to 10.
Little experimental data exist however.

The drag force exerted on a body as
a fluid moves past it is related to the
geometry of the immersed body and
the properties of the fluid by a non-
dimensional drag coefficient which is
defined by
2g.F

A pU?

The drag coeficient is a function of
the Reynolds number LU/» for geo-
metrically similar bodies. If geometric
similarity does not exist, various length
ratios must also affect the drag coeffi-
cient.

The present investigation involved
determination of the drag coefficient as
a function of Reynolds number and var-
ious geometric ratios for spheres, cyl-
inders, and flat plates at Reynolds num-
bers ranging from 0.01 to 1.0. Drag
coefficients were determined by meas-

fo= (1)
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uring the force required to move the
body through a viscous fluid and calcu-
lating the drag coefficient by use of
Equation (1).

THEORY

The laminar motion of viscous in-
compressible fluids is governed by the
Navier-Stokes equation and the con-
tinuity equation. For given boundary
conditions a solution of these equations
gives the velocity and pressure field
in a fluid. Local and total drag coeffi-
cients may be calculated from this so-
lution by calculating the shear stress
at the solid boundaries of the system.

In 1850 Stokes (18) published the
well-known solution for a sphere mov-
ing in an infinite fluid. This solution
gives the force of resistance as

6nuUr
&o

Combining Equation (2) with Equa-
tion (1) one gets

fD = 24/Nxe

F = (A

(3)
Ne. = DU/» (4)

Equation (3) holds for Reynolds
numbers up to 1.0. Oseen (I11) linear-
ized the Navier-Stokes equations and
obtained the following expression for
drag coefficients of spheres:

24 (1+3 N) 5
N-. 16 (5)

Equation (5) is suitable for Reynolds
numbers up to 5. Goldstein (4) solved
Oseen’s equations, taking into account
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where

p =
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the higher power terms in the series
solutions that were omitted by Oseen.
This solution covers Reynolds numbers
up to 10.

Experimental data on spheres have
been obtained by Liebster (10) in the
Reynolds number range 0.1 to 10. His
results are in agreement with those of
Stokes, Oseen, and Goldstein in their
respective Reynolds number ranges.

Drag coefficients at low Reynolds
numbers for flow of an infinite fluid
past infinite circular cylinders have
been calculated by Lamb (9), who
obtained the following solution:
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This solution agrees with experimental
data up to a Reynolds number of 0.5.

Bairstow, Cave, and Lang (2) ex-
tended Lamb’s solution and obtained
results which agreed with experimental
data up to a Reynolds number of 1.0.

In recent years several investigators
have developed approximate solutions
of drag coefficients for flow at a low
Reynolds number over infinite elliptic
cylinders for various ratios of major and
minor axes and angles of incidence. For
the major axis equal to the minor axis
the result is applicable to circular cyl-
inders. For a ratio of major axis to minor
axis of infinity the result is a flat plate
in parallel flow for a zero angle of in-
cidence and a flat plate in perpendicu-
lar flow for an angle of incidence of 90
deg.

Tomotika and Aoi (15) obtained ex-
act numerical solutions of Oseen’s equa-
tions for steady flow past elliptic cyl-
inders of infinite span. Their results,
summarized in the following equations,
are generally applicable up to a Reyn-
olds number of 1.0.

fo (6)

1. Flat plate in parallel flow
4
=5
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2. Flat plate in perpendicular flow
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3. Circular cylinder
O
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Tomotika and Aoi’s solution for cir-
cular cylinders is in agreement with
those of Bairstow, Cave, and Lang (2).
Finn (3) measured the drag of an in-
finite cylinder immersed in a fluid at
Reynolds numbers from 0.05 to 5.0
and obtained agreement with Equation
(9) up to Reynolds numbers of 0.5.
Wieselsberger (17) studied the Reyn-
olds number range from 5 to 70, and
his experimental drag coefficients were
somewhat below predictions of Tomo-
tika and Aoi. In the Reynolds number
range from 5 to 10 the relaxation solu-
tion of Allen and Southwell (1) agrees

o1 Nee 0 25

Fig. 3. Data for spheres.

Imai (5) also presented a numerical
solution to flow past an inclined elliptic
cylinder for Reynolds numbers of 0.1
and 1.0. For circular cylinders Imai’s
results agree with thos¢ of Tomotika
and Aoi. )

Finn (8). found that when the fluid
was not infinite the presence of the
container walls had a considerable ef-
fect on the drag, particularly at low
Reynolds numbers. For cylinders a
distance of at least 500 diam. was nec-
essary before wall effect became neg-
ligible. White (16) derived the fol-
lowing relationship showing the mag-
nitude of this wall effect for an infinite
cylinder between two parallel walls
spaced a distance D, apart:

with experimental data. fo = Cw/Np, (10)
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where
12.6

Cp = o
log (0.8 D,/D)

When the cylinder is of finite length,
White proposed the end-effect correc-
tion to be added to C, in Equation
(10) as follows:

6rm20(2) (14242 )
= T “Di—L

(11)

Solutions for drag coefficients paral-
lel to flat plates based upon Oseen’s
equations have been presented by
Tomotika and Aoi (15), Tomotika and
Yosinobu (14), and Piercy and Win-
nefl (12), all of whom present similar
solutions.

Janssen (7) used an analogue com-
puter to determine drag coefficients for
flow parallel to flat plates at low Reyn-
olds numbers. He obtained results sub-
stantially in agreement with experi-
mental work of Janour (6), which ex-
tended down to a Reynolds number of
10. For Reynolds numbers below this
Janssen’s results agree with those of
Tomotika and Aoi.

Analytical studies on the drag of in-
finite Hat plates perpendicular to the
flowing stream at low Reynolds num-
bers have been made by Imai (5) and
Tomotika and Aoi (14). The results of
these two investigations agree.

The experimental results obtained in
the present study are compared with
the analytical work described above.

EXPERIMENTAL EQUIPMENT

Force Measuring Equipment

The force measuring equipment was ar-
ranged as shown in the diagram in Figure

1.
The apparatus was constructed to move
various Eodies vertically through a viscous
fluid. It consisted of a 1/6-hp. motor
coupled to a speed reducer. A four-ste
V-sulley with diameters of 34, 1%, 134,
and 2% in, was installed on the speed
reducer. The drag force was measureg by
means of a 2-lb. spring scale with Z%-
ounce divisions. This scale was calibrated
on a platform scale measuring to the near-
est 0.001 b, It was connected to the four-
step pulley by means of a nylon cord. A
capstan arrangement with a single turn
around the pulley was used to connect the
scale to the pulley. A weight was placed at
the end of the cord, as shown in Figure 1.
Several different weights were used in
order to counterbalance the weights of the
cylinders and spheres. With this arrange-
ment a wider range of velocities was ob-
tained.

A fine wire 0.003-in. diameter was used
to connect the plates, cylinders, and spheres
to the scale.

The fluid through which the objects
were moved was contained in a 13.8-in.
diameter, 15-gal. oil drum placed inside a
31-gal. drum. The inner drum rested upon
a bracket inside the outer barrel, and cool-
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TasLE 1. SumMARY oF Bopies STUDIED

Steel spheres
Diameter,
No. in.
1 34
2 1
3 1%
4 2
Cylinders
Length, Diameter,
No. in. in.
1-8* 2 Ya
2-S 2 %
3-S 2 1
4-A* 2 1%
5-5 4 Ya
6-S 4 %)
7-S 4 1
8-A 4 115
9-S 6 Y4
10-S 6 )
11-S 6 1
12-A 6 1%
13-S 8 Ya
14-S 8 1%
15-S 8 1
16-A 8 1%
Flat plate—perpendicular flow
Length of Length of
longest  shortest
side, side, Thickness,
No. in. in. in,
1-A 8 2 7/64
2-A 6 11/2 7/64
3-S 4 1 3/64
4-S 2 1/2 3/64
5-A 8 4 7/64
6-S 6 3 3/64
7-S 4 2 3/64
8-S 2 1 3/64
9-S 4 4 3/64
10-§ 3 3 3/64
11-S 2 2 3/64
12-§ 1 1 3/64

Flat plate—parallel flow
(Steel, 3/64 in. thick)

Length Length
perpendicular parallel
to flow, to flow, Thickness,
No. in. in. in.
la 4 1 3/64
1b 1 4 3/64
%a 4 2 3/64
2b 2 4 3/64
3 4 4 3/64
4a 4 8 3/64
4b 8 4 3/64
@ 8§ — Steel.

® A — Aluminum.

ing water was circulated through the an-
nular space to maintain constant fluid
temperature at 62° to 63°F.

Drag-force measurements were made on
each body in two types of heavy duty gear
oil. The relationship between temperature
and viscosity was determined for each oil.
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Bodies Studied

Measurements were obtained on the
bodies described in Table 1. Small holes
were drilled in the sphere and the ends of
the cylinders, and ordinary cement was
used to connect the 0.003-in. diameter wire
to them. Small holes were drilled in the
corner of the plates in order to attach the
wires to them.

Procedure

A calibrated hydrometer was used to
measure the density of the fluids used, and
a viscometer was used to measure the vis-
cosity of the fluids used. In addition the
viscosity of the light oil was checked by
means of the falling ball method.

The velocity of movement of the im-
mersed bodies through the oil was meas-
ured by determining the rate of rotation of
the pulleys. The error in the velocity was
considered to be less than 0.5%.

In measuring the drag force on an object
the object was connected to the spring
scale and dropped to the bottom of the oil
drum. The motor was started, and the
scale was read as the object was being
pulled toward the top of the drum. Two or
three readings were taken for each body at
each velocity. Of all the experimental
measurements the largest error occurred in
the force measurements. The force could be
read to == 1/6 of an ounce, and since some
forces were of the order of 1 ounce, the
possible error in the force measurement ap-
proached 20%. Most of the data were ob-
tained at a temperature of 62° to 63°F.

EXPERIMENTAL DATA

Because of the large error i the
force measurement there was consider-
able scatter of the data. A number of
velocities were investigated for each
body, and sufficient data were obtained
so that a least-squares analysis of the
results was possible. Detailed experi-
mental data are available (8).

The equipment was first calibrated
by measuring the drag on spheres of
various diameters. It was found that
the drag force of the wires attached to
the bodies constituted a significant
portion of the measured total drag
torce. The data on spheres were used
to establish a relationship between the
drag on the wire and the velocity. The
wire drag was determined by applying
Stokes’ equation [Equation (3)] to
calculate the drag force actually due to
the sphere. This drag force was sub-
tracted from the total measured drag
force, the difference being due to the
drag of the wire. The correction curves
relating the drag force on the wire to
the axial velocity of the wire are shown
in Figure 2. These corrections apply for
one wire, and when more than one
wire is used the total correction is ob-
tained by multiplying the correction
by the number of wires that are at-
tached to the immersed body.

The drag force shown in Figure 2 is
that for a wire 0.003 in. in diameter
moving axially out of the oil. This force
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Fig. 5. Data for cylinders, Dr/D = 13.75.

is approximately proportional to the
velocity. Actually the viscous drag force
exerted on the wire will decrease as
the wire is drawn out of the fluid.
However a considerable amount of the
oil adhered to the wire as it emerged
from the fluid, and this added weight
of oil was also detected by the spring
scale. Therefore the force shown in
Figure 2 is made up of two parts, the
drag force due to the wire moving
through the fluid and the force due to
the weight of oil adhering to the wire.
It appears that for a given velocity the
drag force decreases at the same rate
that the weight of oil on the wire in-
creases, and therefore the force exerted
by the wire itself remains relatively con-
stant throughout the range of move-
ment of the wire.

There was considerable scattering of
the data, particularly in cases where

occurred. In some instances the meas-
ured drag force was less than the cor-
rection applied for the drag force of
the wires. A number of other points ap-
peared to be extraordinarily far away
from the main body of the data and
were subsequently discarded in the
analysis. Approximately 5% of all data
points were discarded for these reasons.

In the flow range studied all data
were analyzed by a least-squares
method, with the assumption that the
following equation could be used to
represent the data:

» = C/Nxz. (12)
Values of the coefficient C were de-
termined for each body investigated.
EXPERIMENTAL RESULTS
Figure 3 shows the data obtained on

Re
Fig. 7. Data for cylinders, Dr/D = 55.0.

have an average deviation of 169
from the equation.

The data on the drag coefficients for
cylinders are shown in Figures 4, 5, 6,
and 7. In these figures the drag coefli-
cient is plotted vs. the Reynolds num-
ber at a constant value of the ratio
D:/D (tank diameter/cylinder diam-
eter). At the relatively low values of
D;/D encountered in this investigation
it was found that the tank diameter did
have considerable effect on the drag
coefficient of the cylinders.

A summary of the experimental re-
sults on circular cylinders is tabulated
on each of the figures showing values
of C in Equation (12) and of C, cal-
culated from Equation (10). The co-
efficient C’ shown in the tables is ob-
tained by subtracting the end effect
from C; that is

the drag force was very low, and rela- all spheres after the correction shown ¢ _ ¢ _ 99 ( D \ ( 1494 D )
tively large percentage of errors in in Figure 2 had been applied. The line L/ D, —L
reading the force on the spring scale represents Equation (3) and the data (18)
1000
20
\ C,
d ¥ (eo o
\Q\ o ‘E‘k 2
19 N N L/O o
DY\ o NSRRI NG s sy -
o N\f 1 S
t, 100 : AN o 5 3 - \\-‘
NN & i L/D
= 8 v i3s3« T
o & 2 =
° 2.667 @ -
: ” ‘\D 4 .
w ¢ ¢ ov|la 5333
A o 4 07 51 4l N 6 = ]
B e 8 97 69 36 \C\ o L 8 a
1 C a 12 2.1 102 19 ["— 12 a
D o 16 2.2 107 23 a 16 o
Cy= 94 24 °
32 >
O : - lajﬁ 10 | T S
Nge 4 10 Dy/D 100

Fig. 6. Data for cylinders, D-/D = 27.5.

Vol. 7, No. 1

A.1.Ch.E. Journal

Fig. 8. Summary data on circular cylinders.

Page 23



1000

f, 100

100 g R e e o 2 —
. S D ]
1 ) S A N N O B I I
| o
S i [
o o —o—o— Jancur
ool B - — — Janssen
% ITTF — - —— Tomotiko and Aoi
\‘nt 3 b ;
= 00 o]
10 LA NS
(£)
o oc S O
LY oo
el
f P
[=3
~ % o
~N
SIS \ﬁ o\{\
1.0
o
&
Nk.
[oX
o 0 10

NRe
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Average per cent deviations of the
data from Equation (12) are also
shown on the figures. This average
deviation ranged between 18 and 43%,
with most of the groups of data having
a deviation between 20 and 309%. This
deviation is brought about largely by
the error in the force measurement.

The results of the investigation on
circular cylinders are summarized in
Figure 8, in which C' and C, are
plotted vs. the ratio D;/D. The upper
curve in Figure 8 is a plot of C, as
calculated from Equation (10). It is
noted that at low L/D ratios the value
of C’ is much less than C.. The curves
for C' at L/D = 4 and L/D = 8 are
shown and lie below the curve given
by Equation (10). As the L/D ratio
becomes greater than 16, the values of
C, and C’ approach each other.

It is concluded from these results

100

(10), (11)] may be used to predict
drag coeflicients for circular cylinders
moving in tanks of finite diameter (in
the D./D range studied) if the L/D
ratio of the cylinder is greater than 16.
For L/D ratios less than 16 the lower
curves shown in Figure 8 may be used
to predict the drag coeflicients for such
cylinders. ‘

The analytical results of Tomotika
and Aoi for infinite cylinders in an
infinite fluid are plotted in Figure 7.
Their results are in reasonably good
agreement with those obtained on cir-
cular cylinders having L/D ratios of 24
and 32 for the case when the ratic
D:/D is equal to 55.0. These experi-
meéntal conditions approximate the con-
ditions applicable to the analytical
solution of these workers.

Figure 9 shows all of the data ob-
tained on flat plates in parallel flow.
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Fig. 11. Data for flat plates, W/L = 2.

Tomotika and Aoi (15), and the ex-
perimental values of Janour (6) are
shown. Up to a Reynolds number of
2 the least-squares line through the
present data has the following equa-
tion:

f» = 5.91/N. (14)

The drag coefficients on flat plates in
parallel flow were obtained on plates
of finite size, and therefore an edge
correction had to be applied. The edge
correction used was that recommended
by Janone:

Foe = 1.6 LU/g,  (15)
Equation (15) represents the forces
due to one edge of the flat plate in
parallel flow. The empirical equation
obtained in the present work when
extrapolated fits Janour’s experimental
data quite well. However it lies con-

that White’s equations [Equations The analytical results of Janssen (7), siderably above analytical results.
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Fig. 10. Data for flat plates, W/L = 1.
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The data for flat plates in perpen-
dicular flow are shown in Figures 10,
11, and 12, where the drag coefficient
is plotted vs. the Reynolds number at
constant values of the ratio W/L,
which is the ratio of the length of the
long side of the flat plate to the length
of the short side. In each figure a defi-
nite effect of the ratio D./L is indi-
cated. The data for all flat plates in
perpendicular flow are summarized on
the figures, and the average deviation
from Equation (10) ranges between
11 and 46%, with most of it lying be-
tween 11 and 229%. It is probable that
smaller errors occurred for the meas-
urements with plates in perpendicular
flow, since the drag forces for these
bodies were much higher than for the
other bodies tested.

In Figure 13 the value of C is
plotted vs. the ratio D;/L for all flat
plates in perpendicular flow. In the
range 1 < W/L < 4 no significant ef-
fect of W/L on the value of C could be
detected. Therefore the curve shown
in Figure 13 is recommended for de-
termining values of the drag coefficient
for flat plates in perpendicular flow in
the ranges 1 < W/L < 4 and 3 <
D./L < 14,

CONCLUSIONS

Drag coefficients at low Reynolds
numbers have been determined for
flow past spheres, circular cylinders,
and flat plates, both parallel and per-
pendicular to the flow. Experiments
were carried out with two grades of
heavy duty gear oil and by determin-
ing the force required to pull the body
through the oil at a given velocity.
With Stokes’ equation used as a basis
the data for spheres were used to de-
termine correction factors for the drag
forces on the wires that were attached
to the immersed bodies. In all cases at
low Reynolds numbers the drag coeffi-
cient appeared to be inversely propor-
tional to the Reynolds number, and a
least-squares analysis of the data was
used to determine the value of C in
the equation

fn - C/NRc ( 12)
In the range of D./D studied the
equations [Equations (10), (11)]

recommended by White (I6) involv-
ing the wall effect and end correction
agree with the experimental data for
values of L/D greater than 16. At L/D
ratios less than 16 drag coeflicients are
lower than those predicted from White’s
equations, and the experimental curves
for L/D ratios of 4 and 8 may be used
to predict drag coefficients for this type
of cylinder.
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Fig. 13. Effect of tank diameter on drag co-
efficients of flat plates in perpendicular flow.

For flat plates of infinite span in
parallel flow the following equation
was obtained:

fp = 5.91/Nna
0.01=Re=20

(14)

[For finite plates an edge correction
given by Equation (15) must be added
to the drag force calculated from
Equation (14)].

For flat plates in perpendicular flow
no effect of W/L ratio was detected in
the range investigated in this work.
The tank diameter however had con-
siderable effect on the drag coeflicients
of flat plates in perpendicular flow, and
the curve in Figure 13 may be used to
predict drag coefficients for flat plates
in perpendicular flow within the ranges
of Dy/L and W/L indicated on the
figure.
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NOTATION

A, = projected area of cylinders,
spheres, or plates in perpen-
dicular flow; wetted area of
flat plate in parallel flow,

sq. ft.

Cc = coefficient  appearing in
Equation (15)

c = C—Cy

C: = end-effect correction

C, = coefficient appearing in
Equation (13)

D = cylinder or sphere diameter,
ft.

D; ' = tank diameter; spacing be-
tween parallel planes, ft.

F = drag force, Ib.,

F.1ze = drag force due to edge of flat
plate, b.,

fo = drag coefficient defined by

Equation (1)
A.LCh.E. Journal

gravitational constant, 32.17

Ib.., ft./Ib.; sec.?

L = length of short side of plate
in perpendicular flow; length
of flat plate parallel to direc-
tion of flow in parallel flow;
length of cylinder, ft.

Nz, = Reynolds number, DU/» for

cylinders and spheres, LU/»

for flat plates

r = radius, ft.

S = factor in Equations (10),
(11), and (12)

t = time, sec.

U = velocity of  undisturbed
stream or velocity of im-
mersed body through fluid,
ft./sec.

W = length of long side of flat
plate in perpendicular flow,
span of flat plate in parallel
flow

" = viscosity, 1b../ft. sec.

v = kinematic viscosity, sq. ft./
sec.

P = density, Ib../cu. ft.
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